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Abst ract - - In  this paper, the splitting midpoint rule is presented and proved to be the Lie-Poisson 
integrators to the rigid body systems. Further discussions are also given. Numerical experiments show 
that this method has well properties comparing with the Runge Kutta method and ordinary midpoint 
rule. 
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1. INTRODUCTION 
It becomes more and more important to construct the structure-preserving i tegrators for solving 
dynamical systems. The Symplectic algorithms of canonical Hamiltonian structure symplectic 
structure---are well discussed in many publications. In [1-3], the Poisson schemes for linear Pois- 
son systems have been discussed by several authors. However, for the noncanonical Hamiltonian 
system--Lie-Poisson system--which exists in rigid body dynamics, celestial mechanics, robotics 
and biomechanics etc., the theory and algorithm is very rare. Ge-Marsden's [4] generating func- 
tion methods for the Lie-Poisson system are proved by the author [5] to be unappealing and to 
only construct a first-order Poisson integrator. The Andersen's constrained algorithm (see [6]) 
is a good way toward the problems. But it is only practical when the constrained system can 
be splitting. Maclachlan [7] has brought forward an explicit Lie-Poisson integrator to a kind of 
splitting Lie-Poisson system. This algorithm must compute the exact solution at each splitting 
step and evaluate the e a, which is very time consuming especially when a is large. 
The rigid body is a typical Lie-Poisson system. It can also be splitting. Some algorithms have 
been given. Simo et al. [8] proposed an energy and momentum preserving algorithm. Austin 
et al. [2] gave an almost Poisson integration. All these methods cannot be Lie-Poisson integrators. 
In this paper, the midpoint rule is proved to be a Lie-Poisson integrator to the splitting system, 
and using the composition methods, Lie-Poisson integrators can be easily constructed. Taking the 
free rigid body as an example, we present he sufficient and necessary condition for Lie-Poisson 
integrators among generalized Euler rules. As to heavy top, we proved that the midpoint rule 
also is a Lie-Poisson integrator. These algorithms can also be changed into momentum-preserving 
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(see [9]). Numerical experiments show that it is also faster than other methods and has very good 
energy preserving property. 
2. A L IE -POISSON INTEGRATOR OF  FREE R IG ID  BODY 
A Lie-Poisson system has a phase space M = Rn(x), Lie-Poisson bracket {F, G} = ~0F j~j -o-~J'°c 
where J~j = C~xk (with C A the structure constants of a Lie algebra), and Hamiltonian H : 
M ~ R. The dynamical system is 
~. = {x, H}  = J (x )VH,  (1) 
__  dx  where ~ - -~. 
THEOREM 1. The phase [low of equation (1), denoted by gtH, preserves the Poisson bracket; i.e., 
{fog i~,Cog i~} = (F,C} o gi~. 
Consider now the difference schemes for the Lie-Poisson system (1), restricted mainly to the 
case of single step schemes; time t is discretized into t = 0, ±T, ±2~',..., x(k ' r )  = x k, each 2-1ever 
scheme is characterized bya transition operator relating the old and new state by ~ = grx, x = x k, 
= xk+l, gt = gt H depend on t, H and the mode of discretization. It is natural and mandatory 
to require g~ to be Poisson bracket-preserving, which we call the difference scheme , Poisson 
scheme. 
THEOREM 2. A difference scheme of system (1) is Poisson if[ 
PROOF. 
{f  o ge, V o gt} _ cOB o gt J , j (x) cOG o gt 
cOxi cOx3 
cOF cOa 
= ( rE  o g) r .  k-bY] \ -~- ]  • vc  o g~, 
{F, G} o g~ = (VF) ' J (VG)(g ~) = ( rE )  o g~J(gt)T(VH) o g~. 
By Theorem 1, we have 
-O-xx ] \ cOx]  = ~x \COx] = y (gt) = g (~) . 
A free rigid body is the simplest and typical Lie-Poisson system. Many other complex Lie- 
Poisson systems have the same form or property as the rigid body. When complex systems can 
be split, the splitting system is often a rigid body. Therefore, it is very important to study the 
algorithm of the rigid body system. The detail information about rigid body has been discussed 
by the author in another paper [9]. Now, we take the rigid body as an example to construct the 
Lie-Poisson integrator. 
The dynamic equation for a free rigid body is 
~ = xs 0 - z l  ~ , (2) 
53 -x2 :~1 \ 
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where x = (Xl, x2, x3) T E R 3 is the angular momentum, H = (1/2)(I- Ix,  x) is the Hamiltonian 
and energy of the system. I is the symmetry definite positive inertia operator. A general form 
of H is 
-- E b,x  + E b,jx, j _- E + Z: + (3) 
It is very difficult to construct he Poisson schemes for system (2). It has been proved by 
the author that the generalized Euler schemes and RK methods to system (2) are not Poisson 
integrators. Using the reduction technique, a generating function method is discussed by several 
authors [4,10]. However, as the author proved in another paper [5], the Ge-Marsden's generating 
function methods can only be one-order algorithms and cannot preserve the space angular mo- 
mentum very well. New generating function methods must be found, but it is difficult. As pointed 
out by Maclachlan and Scovel [6], the generating function method is very time-consuming. An 
effective method for splitting systems is to construct he composition methods. As we know, 
many Hamiltonian systems uch as a free rigid body, a heavy top and sine-bracket truncation 
of 2D Euler equations can be split, and in many cases, the splitting subsystems can be solved 
analytically or reduced to a symplectic systems. In the following, we will give a method to SO(3) 
systems. 
For the motion of a rigid body fixed at its center of gravity, 1-1 is a diagonal matrix. Let 
1 (alx~ + a :~ + ~i )  = H1 + H: + Ha, g=~ 
where Hi = (1/2)aix 2. 
Take one of the subsystems as an example: 
( / 
Ox = ' (4) 
\ a2x lx2  ] 
where 
J ( x )  -.~ T, 3 0 -x  1 . 
--X2 Xl  0 
This equation can be reduced to the following symplectic system: 
51 = -a2x2x3, (5) 
:~3 ~ a2x lx2 ,  
where x2 is a constant. 
There are a class of symplectic schemes for system (5). However, as we can see later, only a 
small part of them are Poisson schemes for system (4). 
THEOREM 3. The midpoint rule of (4) is Poisson. 
In order to prove Theorem 3, we give the following lemma first. 
LEMMA 1. For the reduced system (4), the symplectic a/gorithm oE system (5) is Poisson iff the 
following conditions are satisfied: 
--XllX3 -~- Xl3Xl ---- --X3, 
Z31X3 -- X33Xl --~ --Xl,  (6) 
X12Xl "}- X32XS :" 0, 
o;  where x~ = x~, xi = x~ +1, x~j = ~.  
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PROOF. By Theorem 2, the schemes are Poisson iff the following equation is satisfied: 
"~x J(x) tax)  = J('~). 
Expand the above equation 
(o, : / (  0 0 (0 _, o) 
1 x 3 0 -x l  ~x12 1 x32 : x3 0 - 1 , 
\ x31  x32 x33]  -x2  Xl 0 \ x13  0 x33 -x2  Xl 
i.e., 
Xl lX  3 -- X l3T 1 0 X31X3 -- X33Xl = ~3 0 - -X l  , 
- -a13 T33Xl -- x31x3 - -x2  Xl 0 
where a13 - (x12x3 - x13x2)z31 + (x13xl - z11z3)x32 + (xllx2 - x12zl)z33. 
For the system (5), the scheme is symplectic. Thus, 
--X13X31 -~-X113C33 = l ,  
and a13 can be simplified as 
a13 : (X3X31 -- XlX33)X12 7 t- (X13X 1 -- Xl12:3)X32 -~- X 2. 
Comparing the corresponding elements of matrices on both sides of the equation and using the 
condition ~ = x2 gives 
X11X3 -- X13Xl = X3, 
X31X3 -- X33Xl = --XI~ 
XI2Xl -~- X32X3 = 0, 
just the same as equation (6). 
Now, we prove Theorem 3 using Lemma 1. 
PROOF OF THEOREM 3. The midpoint rule for system (4) can be given by 
~3+x3 
Xl ~- Xl -- Ta2~x2,  
"X2 ~ X2~ 
"Xl "~ Xl 
"X3 = X3 "{- Ta2~x2.  
The Jacobi matrix is (01 
1 0 , 
\ x31 x32 x33 
where 
T 
X l l  : 1 - ~a2x2x31 , 
T ^ T 
X12 : - -~a2(x  3 -4- X3) -- -~a2X2X32, 
T T 
X13 : -  - -~a2x33x2 -- ~a2x2,  
T T 
X31 : ~a2Zl lX2 -{'- ~a2x2,  
7" ~ T 
~g32 = ~a2(X l  + X l )  "4- ~a2x2,  
T 
xz3 = 1 + ~a2x2x13. 
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Solving the above equations, we have 
1 - a 2 2a 
Xll = X33 = 1 + a 2 ' x13 = -x31 -- 1 -}- a 2 ' 
T A 
-~a2x3 
x12 -- 1 + a 2'  (7.1) 
T A 
-~a2xl 
x32 -- 1 -~- a 2 ' 
where 
T 
a = ~a2x2. (7.2) 
Subst itut ing equation (7.1) into the conditions (6), we can easily see that  the conditions are 
satisfied. Therefore, by Lemma 1, the scheme is Poisson. 
LEMMA 2. [11,12] Consider a dynamical system ~ = a( x ). Supposing a admitted a decomposit ion 
a = al  + a2 ~- . . .  -~ ak, we write g8 ~ eaS the phase flow of  the dynamicaJ system; then 
g~ ~ 8 order 2 Yi ~ gl/2 s/2 s/2 /2 s ea~, o " "g  k o g k o . . .g  I ~ ea, order2.  
Using Lemma 2 and Theorem 3, we can easily construct he Lie-Poisson schemes. As noted by 
Maclachlan [7], the less number of the splitting, the better. Using the Casimir C = Ixl 2, we can 
see that  
1 1 1 
= H - -~alC = ~(a2 - a l )x  2 ~- ~(a3 - at )x  2 = H i  + H2 
has the same dynamic as H.  Using H as the new Hamiltonian, the step number which the scheme 
needs can be reduced. 
For the symplectic system (5), the generalized Euler scheme 
= x + T JVH (B~ + (1 - B)x)  
is symplectic iff 
t 
= 2(1 + C), JC  + C ' J  = 0. (8) B 
It  is natural  to ask such questions as: among the symplectic schemes of system (5), which is the 
Poisson scheme for system (4)? In the following derivation, we give a condition to the generalized 
Euler schemes. 
Let 
C = el 
c3 c4 
then by the symplectic ondition (8), we have c4 = -Cl .  So, 
1 (1+Cl  c~ ) 
B = ~ c3 1 - Cl 
and 
B~+(1-B)z :5  cs (~ l -X l )+(1 -C l )~3+(1-C l )XS  =2 z3 " 
The Euler difference scheme is 
Xl = x l  - az3, (10.1) 
x3 :x3 - -az l ,  
where a is defined by equation (7.2), and Zl, z2 is defined by equation (9). 
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After computing, we have the Jacobi matrix of the algorithm and ~3 
(1 + ac3) (1 - ac2)  - a 2 (1 -- Cl) 2 
Xll ---~ 
(1 + ac3) (1 - ac2) + a 2 (1 - c~)' 
-2a  (1 - ac2) 
x13 = (1 + ac3) (1  - ac2) + a 2 (1 - c~) '  
x3 = ((1 +aca l (1 -ac2) -a2(1 -c l )2 )x3+ 2a(1 -~ ac3)X  1 
(1 + ac~)(1 - ac~) + a2(1 - c~1) 
Solving the first equation of (6) 
Xl lX3  -- X12Xl  ---- X3, 
we get 
cl = 0, c2 = -c3 (10.2) 
for arbitrary real number xl, x3. 
Substituting equation (10.2) into equation (10.1) and computing the Jacobi matrix again, we 
have 
2a(1 - ac2) 
x31 = a2 + (1 - ac2) 2' 
(1 - ac2)  2 - a 2) 
X33 = a 2 -~- (1 - ac2) 2 ' 
~ = ((1 - a t2)  ~ - a ~) x ,  - 2a(1  - ac~)~3 
a s + (1 - ac2) 2 
We can easily see that equation (6), 
X31X3 -- X33X1 ---- - -X l ,  
is satisfied. Similarly, we can prove that another equation of (6) is satisfied as well. 
Equation (10.2) means that C = c J, where 
3. THE L IE -POISSON INTEGRATORS FOR HEAVY TOP 
In Section 1, we discussed the Lie-Poisson integrators for a free rigid body, which is a Lie- 
Poisson system on the dual space of semisimple Lie algebra. We now consider another kind of 
Lie-Poisson system--heavy top--which is constructed on the semidirect product of Lie algebra 
and linear space. The symmetric group for heavy top is three-dimensional Euclidean space E(3), 
to which some important systems arising in hydrodynamics are also connected. On the phase 
space of e*(3), there are 6 coordinates {xt, x2, x3,Pl,P2,P3} and the Lie-Poisson brackets 
{xi, xj} = ~ijkxk, {x~,pi} = ~ijkPk, {Pi,Pj} = 0, (11) 
where 
l the signum of the permutation (i,j, k), if i,j, k are all different, 
gijk = 0, if there is a pair of coinciding indiced i, j, k. 
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The bracket (11) possesses two independent Casimir functions fl = E p2, f2 = Z P iX i  • 
OH OH Let H(x,p) be a Hamiltonian. Let us introduce the notation ui = ~,  wi = ~.  The Lie- 
Poisson equation will assume of "Kirchhoff's equation" 
= [p, = [x, + [p, ul, (12) 
where the square brackets denote the vector product. Equation (12) coincides (for quadratic 
Hamiltonians H(x,p)) with Kirchhoff's equations for the motion of a rigid body in a fluid which 
is perfect, incompressible, and at rest at infinity. The energy H(x,p), quadratic in x,p and 
positive definite, can be given in the form 
2H = Z a~x2 ÷ Zbij(PiXJ + xipj) + E c~jpipj. (13.1) 
For the heavy top (the details are discussed and properties of the heavy top can be seen in [12]), 
the Hamiltonian has the reduced form 
g(x,p) = "~1 + "~2 + -~3 +'hPl + ~/2P2 +'Y3P3, (13.2) 
where Ii is defined as Section 2, and "h are the coordinates of the center of mass. 
The structure matrix for this Lie-Poisson system is 
J(p) 0 ' 
where J(x) is defined as in Section 2. 
It is more difficult to construct Lie-Poisson integrators for heavy top than for free rigid body, 
for the generating function methods are not valid in this case. As done to free rigid body, the Lie- 
Poisson system for heavy top can also be split. So, using the composition methods and Lemma 2, 
we can easily construct the Lie-Poisson integrator for heavy top. 
Splitting the Hamiltonian as H = ~ Hi, where 
2 
Hi = ~Ii' Hi+3 = ~/iPi, for i = 1,2,3, 
t i t  
we take H1,//4 as examples to construct the Lie-Poisson algorithm for subsystems. 
Figure 1. The orbit curve of the Lie-Poisson for Figure 2. The orbit curve of the RK4 for free rigid 
free rigid body. body. 
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Figure 3. The orbit curve of the MD for free rigid body. 
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Figure 4. The energy curve of the T,P method. 
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Figure 5. The Casimir function curve of the LP method. 
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Figure 6. The energy curve of RK4 method. 
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Figure 7. The Casimir function curve of the RK4 method. 
The equation for H1 is 
\ s(v) ( " 
Expand this equation: 
X 1 ~- 0, 
X3Xl 
X2- -  
I1 
X2Xl 
xa -- I1 ' 
p, = 0, (14) 
xlp3 
P2-  l i  ' 
XlP2 
P3 = i1 
THEOREM 4. The midpoint  rule for subsystem (14) is Poisson. 
~WA 30-9-I 
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Figure 8. The energy curve comparison of LP-MD-RK4 methods. 
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Figure 9. The Casimir curve comparison of LP-MD-RK4 methods. 
PROOF. By Theorem 2, to prove the midpoint rule for system (14) is Poisson iff to prove the 
Jacobi matrix of transformation (x, p) --+ (2, p~ satisfy 
(~ ~ ~ ~,~)(~ ~,~ ~,~) ~1~, 
us denote the Jacobi matrix (~)  = yz. After expanding equation (15), we Let have 
~xJ(x)~' x = g(~), 
&xJ(x)~x + xxg(P)~ = J(P"), (16) 
P~J(x)~x + PnJ(P)~ + PxJ(P)~ = O. 
Using the result of Section 2, it is easy to verify the first equation of (16). Note that 
(i °°) ~= 0 , Pp= P22 P23 , 0 P32 P33 
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Figure 10. The energy curve of the MD method. 
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Figure 11. The Casimir function curve of the MD method. 
A °P~" i, j = 2, 3. After computation, we have where P21 -- o°-~x~, p31 = °o-~-x3, Pij = Opj, 
P22 ---- X22, P23 -~- X23~ P32 ---- X32, 
~-.~3/s~ -~-~2/s~ (171 
P33 = X33, P21 - -  1 + a 2 ' P31 1 + a 2 ' 
where a is defined by equation (7). 
Substitute (17) into equation (16). The equation is satisfied. Therefore, we can say that the 
midpoint rule for system (14) is Poisson. 
It is easier to construct he Lie-Poisson integrator for the Hamiltonian/-/4, for the equation is 
turned into a constant equation. 
4. FURTHER D ISCUSSION ABOUT THE R IG ID  BODY 
In Sections 2 and 3, we have given the Lie-Poisson integrators for the special eases of rigid 
body. That is to say, we used the special Hamiltonian to construct the Lie-Poisson integrator. In 
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/ 
Figure 12. The orbit curve of Lie-Poisson method for heavy top. 
Figure 13. The orbit curve of Runge-Kutta 4 method for heavy top. 
this section, we will give the Lie-Poisson integrator for the general form of Hamiltonian on rigid 
body. 
Using free rigid body as an example, the general form of Hamiltonian has been given by equa- 
tion (3). So we only construct a Lie-Poisson integrator for the subsystem when the Hamiltonian 
is H~j = (1/2)a~j(xi + zj) 2. 
Consider the system 
OH12 
~c = J (z )  cOx " (18) 
It is easy to see that xi + xj is a Casimir function of equation (18). Expanding the equation gives 
~c2 = [ al2x3(xl + x2) • (19) 
\ a12(x  - 
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Since Xl + x2 is constant, we denote c = Xl + x2. Equation (19) is turned into 
Xl = - -ca l2x3,  
X2 ---- ca12z3, (20) 
53 ---- cal2(C -- 2X2). 
The last two equations of equation (20) can form the canonical equations on symplectic structure. 
The midpoint rule for (20) is not a Lie-Poisson scheme. However, we can numerically solve 
equation (20) explicitly, which, of course, is a Lie-Poisson integrator. Things are similar to the 
Lie-Poisson system for heavy top. 
As pointed out in the introduction, the above Lie-Poisson integrator can also be angular 
momentum-preserving. See the author's paper [9]. 
5. NUMERICAL  EXPERIMENT AND CONCLUSION 
Using the above algorithms, we have computed several examples. In Example 1, we consider the 
motion of a free rigid body. In our numerical test, we first take the initial values xl = 0.5, x2 = 0.8, 
x3 = 1.0, the inertia operators to be I1 = 1.,/2 = 2, 13 = 3. (In the following examples, we also 
take this inertia operator.) The step length is 0.5 for Lie-Poisson and Midpoint methods and 0.1 
for Runge-Kutta methods, the step number is 100000. Figures 1-3 give the orbit tracing of Lie- 
Poisson (LP) method, 4-order Runge-Kutta (RK4) method and Midpoint rule (MD). We find that 
the LP method is well orbit-preserving and the RK4 method is a poor orbit-preserving algorithm, 
though its step length is smaller and accuracy order is higher. In Figures 4-11, we have given their 
energy (i.e., the Hamiltonian of the system) function and Casimir function ( f  = V/x 2 + x 2 + x 2) 
curves and their comparison. From the energy and Casimir preserving, we also can see that LP 
integrator is better than RK4 method and MD method. (In MD methods, we chose the relative 
iterative error to be 10-1°.) The computations also show that the LP algorithm is the fastest 
among the three methods and MD method is the slowest. Their CPU time to computing the 
same number of steps is, respectively, 3.729, 7.648, 31.933. All our computings are done on 
SGI workstation using the double precision. For the midpoint rule, because of solving nonlinear 
equations, the energy and the Casimir function is not well preserving so that the orbit have some 
spectral dissipation. If we chose the relative iterative rror to be 10 -17 (the digit number needed 
for double precision), MD method is also well energy-preserving and Casimir-preserving; but the 
method becomes lower. 
In Example 2, we consider the motion of heavy top. We assume that the center of mass is 
in the z axes; i.e., 71 = 72 = 0. We chose 73 = 1.0 ,  the initial value of xi as (2,3,4), p~ as 
(0.3, 0.4, 0.5); the step length is 0.1 for LP and 0.01 for RK4, the step number is 100000. We only 
gave (in Figures 12 and 13) the phase trajectories of LP and RK4. 
In conclusion, we can say that the Lie-Poisson Integrator is very good for long time tracing 
and very well orbit-preserved, which is very important for Celestial mechanics. 
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